Abstract. A d-dimensional version is given of a 2-dimensional result due to C. Huneke.
In Hun] C. Huneke gave an interesting formula involving the powers, the Hilbert function, and the Hilbert polynomial of I, in case R is a 2-dimensional Cohen-Macualay local ring. Recall rst that if (R; m) is any d-dimensional local ring with R=m in nite and I is an m-primary ideal of R, then there exists a d-generated ideal J of R such that JI n = I n+1 for n >> 0. J is called a minimal reduction of I, and ts into a broader theory of reductions initiated in NR] . Even if R=m is not assumed to be in nite it is usually true that I has a d-generated minimal reduction J, although in general such a J need not exist. If f : Z ! Z is a function let denote the rst di erence function de ned by f(n)] = f(n)?f(n?1), and let for all n 1. Huneke used this lemma to give some formulas for the Hilbert coe cients, and to characterize the condition H I (n) = P I (n) for all n 1 under certain restrictions on I. Theorem 3.1 ts in loosely with results of A. Guerrieri G] . She studied the quantity Proof. Note that fx 1 ; : : : ; x d g is an R-regular sequence because R is Cohen-Macaulay.
The proof is by induction on d. If d = 1 then we have w n (J; I) = 0 and (I n+1 =x 1 I n ) = (R=(x 1 )) + ((x 1 )=x 1 I n ) ? (R=I n+1 ). Since (x 1 ) is a minimal reduction of I and R is Cohen-Macaulay, e 0 (I) = (R=(x 1 )). Using that x 1 is R-regular we see that (x 1 )=x 1 I n = R=I n . Therefore (I n+1 =x 1 I n ) = e 0 (I) + H I (n) ? H I (n + 1), which is easily seen to equal P I (n + 1) ? H I (n + 1)]. Note that P I (n + 1) = P I (n + 1) ? P I (n) because x 1 is super cial for I, and H I (n + 1) = H I (n + 1) ? H I (n) + ((I n+1 : x 1 )=I n ) by ( N,(22.6 This isomorphism follows by standard isomorphism theorems, using that fx 1 ; x 2 g is an R-sequence, along with the equality x 1 I n \ x 2 I n = x 1 x 2 (I n : J) (which is valid because fx 1 ; x 2 g is an R-sequence). By taking lengths it follows that w n (J; I) = ? ((I n : J)=I n?1 ) which yields Huneke's lemma. Observe that Theorem 2.4 implies the independence of w n (J; I) from the choice of super cial sequence generating J. Note also that w n (J; I) 0 in the 2-dimensional case. If d > 2, and one is willing to accept calculations using Macaulay, then evidence is strong that it is possible to have w n (J; I) > 0. As an example we o er the following taken from A. I) ) then the set of linear combinations will contain a super cial element. It follows from Sw, Lemma 1] that a maximal super cial sequence for I generates a minimal reduction of I. Therefore the probability is quite high that a randomly chosen sequence fx 1 ; x 2 ; x 3 g will satisfy the condition.
In the event that depth(G(I) d?1 we obtain the best possible situation, namely that w n (J; I) = 0 for all n 0 (and, if R=m is in nite, for any choice of J). The next corollary spells out a consequence of this. It was initially discovered by T. Marley using di erent techniques. Next we establish formulas for the Hilbert coe cients of an m-primary ideal I of a Cohen-Macaulay local ring (R; m). These formulas are extensions of those given in Hun] for dimension 2. The following lemma provides a useful identity. For convenience we include the proof, which amounts to a routine summation by parts.
Lemma 2.7. Let f : Z ! Z be a function such that f(n) = 0 for n >> 0. Then the following two statements are true.
(1) For all k; j; 0 < k d; 0 < j d,
To prove the second statement note that using Lemma 2.7(2) for the rst equality and Lemma 2.8 for the last equality.
We can use Proposition 2.9 to extend the formulas Hun, Remarks 2.7,2.8] to arbitrary dimension. Notice that the choice of a super cial sequence below insures that the sums are actually nite. Proof. Use Corollary 2.6 and Proposition 2.9.
In the next section we will discuss a converse to Corollary 2.11. Note that Corollary 2.11 may be used in conjunction with Macaulay to nd P I (n) for appropriate ideals I.
Example 2.12. Let Theorem 3.1. Let (R; m) be a Cohen-Macaulay local ring of dimension d, let I be an m-primary ideal of R, let J be a minimal reduction of I, and assume that J is generated by a super cial sequence of length d for I. Then the following two statements are equivalent.
(1) 
